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Abstract 

We find a new Penrose limit of AdSs x S 5 giving the maximally supersymmetric pp-wave back- 
ground with two explicit space-like isometries. This is an important missing piece in studying 
the AdS/CFT correspondence in certain subsectors. In particular whereas the Penrose limit 
giving one space-like isometry is useful for the SU{2) sector of N = 4 SYM, this new Penrose 
limit is instead useful for studying the SU (2|3) and SU (1, 2|3) sectors. In addition to the new 
Penrose limit of AdSs x S" 5 we also find a new Penrose limit of AdS4 x CP 3 . 
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1 Introduction 

AdS/CFT duality identifies M = 4 superconformal Yang-Mills (SYM) theory with gauge 
group SU(N) to type IIB superstring theory on the AdSs x S 5 background [H [21 G]. The 
AdS/CFT correspondence relates gauge theory and string theory in different regimes, thus, on 
the one hand, this makes it powerful as it can be used to compute the strong coupling regime 
of either theory using the weak coupling limit of the other, on the other hand this makes it 
hard to test directly since it is not easy to find situations where approximate computations 
in both theories have an overlapping domain of validity. 

In [1] a way out of this difficulty was presented by introducing a Penrose limit of the 
AdSs x S 5 background. Taking the Penrose limit one gets the maximally super symmetric 
pp-wave background 0E] where type IIB string theory can be quantized 0IB]. On the gauge 
theory side the Penrose limit corresponds to considering a certain sector of the operators. 
This enables one to compare directly the spectrum of operators in the planar limit of J\f = 4 
SYM to the energy spectrum of quantum strings on the pp-wave. In [9| an alternative Penrose 
limit of AdSs x S" 5 was found also giving the maximally supersymmetric background but in 
a coordinate system with an explicit space- like isometry [10\ [9] . As explained in [11] having 
this explicit isometry makes it particularly well-suited to study the SU (2) sector of M = 4 
SYM. 
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Building on the Penrose limit of [3] many very interesting results in matching gauge theory 
and string theory were found in the case of the planar limit using the idea of integrability 
and the connection to spin chains [UlElEfl 

particularly by considering a near plane wave 
limit with curvature corrections to the pp-wave background [17, 18J. A high point of this is 
the development of the Asymptotic Bethe Ansatz describing the dimension of infinitely long 
operators for any 't Hooft coupling in the planar limit \'20 \ |2~T]. Going beyond the planar 
limit seems instead to be very difficult [22] . New ideas are needed in order to further explore 
the AdS/CFT correspondence in the non-planar limit and its potential applications. 

Recently another example of an exact duality between M = 6 superconformal Chern- 
Simons theory (ABJM theory) and type II A string theory on AdS4 x CP 3 have been found [23J. 
Also here certain Penrose limits and near plane wave limits have been explored [24|, [25l [2l>l 



The difficulty of going beyond the planar limit, where integrability most likely is absent, 
makes it desirable to consider alternative approaches to match the spectrum of operators 
and string states. One of the cornerstones in comparing the operator spectrum to the string 
spectrum in a Penrose limit or near-plane wave limit is that in comparing the spectrum of 
operators one assumes that most of the operators of the gauge theory receive an infinitely 
large correction to the bare dimension in the large 't Hooft coupling limit A —* oo. This is 
of course a built in feature of the Asymptotic Bethe Ansatz for N = 4 SYM. However, an 
alternative approach to this problem of taking the strong coupling limit of J\f = 4 SYM has 
been proposed in [291 El USB EH E21 [33] where a regime of AdS / CFT was found in which both 
gauge theory and string theory are reliable and the correspondence can be tested in a precise 
way. 



Applying the approach of [29l [TT] [30l [3T1 [32], I33j 2 l to match the spectrum of operators and 
string states in the SU (2) sector uses in an essential way the alternative Penrose limit of [S] 
where the maximally supersymmetric pp-wave has an explicit isometry. This is because for 
this pp-wave background the string states having an energy just above the vacuum energy are 
the states dual to the operators in the SU{2) sector of J\f = 4 SYM. 

However, as shown in [32] there are several other sectors of M = 4 SYM that one can 
explore as well, and these sectors are crucial for approaching non-perturbative physics of type 
IIB string theory in AdSs x S 5 , such as D-branes and black holes. This means that there 
should be additional Penrose limits of AdSs x 5 5 in addition to the ones of [6j HI E] . 

In this paper we address these issues by deriving a new Penrose limit of AdSs x S 5 which 
leads to a new pp-wave background with two explicit space-like isometries. As for the two 
previously found Penrose limits 21 [9] this leads to a pp-wave background where type IIB 
string theory can be quantized and the spectrum can be matched to the spectrum of operators 
of M = 4 SYM. Our analysis completes the study of all possible pp-wave backgrounds which 
can be obtained as Penrose limits of the AdSs x S" 5 geometry. It also represents a further step in 

1 Early attempts in describing gauge theories in terms of spin chains can be found in [15H16] . 

2 See also [34] for work on the winding state with the space- like isometry compactified. 



[271 [28]. 
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the investigation of the matching of strongly coupled gauge theory and string theory in certain 
sectors which are relevant for describing non-perturbative physics of type IIB string theory 
on AdSs x S 5 . In particular, the new Penrose limit is relevant for studying the SU(1,2\3) 
sector, which is the maximally possible subsector of N = 4 SYM [32J . 

In addition to the new Penrose limit of AdSs x S 5 we also explore Penrose limits of 
AdS4 x CP 3 . Here two different classes of Penrose limits have been found, one in which 
there are no explicit space-like isometries \24\ [25] and another in which there are two explicit 
space-like isometries [261 12H] which makes it suitable for studying the SU (2) x SU (2) sector 
of ABJM theory. We find in this paper a new Penrose limit of the AdS4 x CP 3 background 
giving a pp-wave background with one explicit space-like isometry. 

The new Penrose limit of AdS5 x S 5 found in this paper is also relevant for studying the fi- 
nite temperature behavior of AdS/CFT. It is conjectured that the confinement /deconfinement 
transition temperature of planar J\f = 4 SYM on R x S 13 is dual to the Hagedorn temperature 
of type IIB string theory on AdSs x S 5 [351 EH EH [38] . Using the Penrose limit [9] this was 
shown quantitatively to be true [11] by matching the confiment/deconfinement temperature 
of planar J\f = 4 SYM on R x S 3 in a limit with R-charge chemical potentials to the Hagedorn 
temperature of type IIB string on the pp-wave background of [9 J 3 ]. We furthermore expect that 
our results could help in understanding more generally the behavior of string theory above 
the Hagedorn temperature and to study the connection between gauge theory and black holes 



Interesting related work in other less supersymmetric gauge theories can be found in 



The paper is organized as follows. In Section [2] we first review the Penrose limit of string 
theory that lead to pp-wave backgrounds with zero and one spatial isometry. Then, we find 
a new Penrose limit giving rise to a pp-wave background with two space-like isometries in 
which string theory can be quantized. In Section [3] we obtain a general form for a pp-wave 
metric that reproduces all the pp-wave backgrounds analyzed in the previous section. We 
moreover show that string theory can be directly quantized on this background which we dub 
"rotated pp-wave background " and we compute the spectrum. In Section[3]we show that, after 
taking an appropriate limit, the spectrum of type IIB string theory on the rotated pp-wave 
background can be exactly matched to the spectrum of the dual gauge theory operators in 
certain decoupled sectors of N = 4 SYM. Finally, in Section [5] we find a new Penrose limit of 
the AdS4 x CP 3 background of type IIA supergravity with one explicit space-like isometry. 

2 Penrose limits and pp-waves with explicit isometries 

In this section we derive a Penrose limit of AdSs x S 5 which results in a new pp-wave back- 
ground with two space-like isometries. We then show how to obtain a general pp-wave back- 

3 For related computations of the Hagedorn temperature in the presence of background fields see for example 




Refs. @2l [Ml E]. 



Refs. [H]. 

4 See also [41] for a related study of black holes with R-charged chemical potentials. 
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ground which, for appropriate choices of the parameters of the background, reproduces all 
the known pp-wave backgrounds which are obtained through a Penrose limit procedure on 
AdSs x S 5 . We begin the section by writing down a slightly generalized version of the pre- 
viously found Penrose limits of AdSs x S 5 with zero and one explicit space-like isometries 

BMW- 

In AdSs x S 5 , the Penrose limit consists in considering a particle in the center of AdSs 
that is moving very rapidly on a geodesic of S" 5 . This means that the angular momentum 
along the direction in which the particle is moving is very large (J — ► oo). Then by taking the 
limit R —>■ oo, where R is the radius of AdSs an d S 5 , but such that the ratio J/R 2 remains 
fixed, the geometry of AdSs x •S' 5 reduces to a plane-wave geometry. 

An important point to emphasize is that one can choose any light-like geodesic of AdSs x S 5 
for implementing the procedure. While the pp-wave background always corresponds to the 
maximally supersymmetric pp-wave background of type IIB supergravity [5], different choices 
of light-like geodesies can give this background in different coordinate systems [9]. Naively 
this should not matter, however, the different coordinate systems can correspond to different 
choices of lightcone time on the pp-wave background. And this corresponds moreover to 
different dictionaries between the physical quantities of the AdSs x S 5 background and of the 
maximally supersymmetric pp-wave background. Therefore, the different coordinate systems 
for the pp-wave background are connected to the fact that the different Penrose limits that we 
consider correspond to zooming in to different regimes of type IIB string theory on AdSs x S 5 . 
This in turns corresponds to zooming in to different regimes of N = 4 SYM. Furthermore, as 
we discuss in section the different Penrose limits correspond to different decoupling limits 
of M = 4 SYM on R x S 3 . 

In the literature the "canonical" coordinate system used for the maximally supersymmetric 
pp-wave background is that of [SJE1BJ which we here dub the BMN pp-wave background. This 
coordinate system is such that the quadratic potential terms for the transverse directions are 
massive for all eight transverse directions. Another coordinate system was introduced in |10|, [9] 
and we will refer to it as the one flat direction pp-wave background due to the presence of a 
space-like isometry in the pp-wave metric and since in this case the quadratic terms for the 
transverse directions have a massless direction. 

Here we find a new pp-wave background corresponding to a new coordinate system for the 
maximally supersymmetric pp-wave of type IIB supergravity. This new background is again 
obtained as a Penrose limit of AdSs x S 5 with an appropriate choice of light-cone coordinates. 
The new pp-wave background differs from the other two because of the presence of two spacial 
isometries in the metric, namely two flat directions, corresponding to two massless directions 
in the potential terms for the transverse directions. Hence we call it the two flat directions 
pp-wave background. 

This new pp-wave background is important in the context of the AdS/CFT correspon- 
dence. In fact, as shown explicitly in Section [3l string theory can be quantized on this 
background. Moreover, as discussed in Section [H after taking a certain limit on the spectrum 
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of type IIB string theory in this new background, we can complete the matching between 
the spectrum of anomalous dimensions of gauge theory operators in certain sectors of M = 4 
SYM theory and the spectrum of the dual string theory states. 

We show below in Section [3] that all the pp-wave backgrounds achievable through the 
Penrose limit are connected by a time-dependent coordinate transformation. This proves that 
mathematically they are all equivalent. The same is not true from the physical point of view, 
since the transformation involves time. Thus what changes from a background to another 
is what we call time, and consequently what we call Hamiltonian. Therefore the physics is 
different when we consider the theory on different pp-wave backgrounds. 

It is also interesting to notice which regimes of N = 4 SYM the different Penrose limits 
correspond to. We give these regimes for each of the three different limits below. To consider 
this, we record the following dictionary between strings on AdSs x S 5 and N = 4 SYM on 
R x S 3 . We have 

R 4 - vrA . , 

¥ = "A. „ = lr (2-1) 

where R is the radius of AdSs and S 5 , g s and l s are the string coupling and string length, 
respectively, and A = g^ M N/{4n 2 ) is the 't Hooft coupling of SU(N) M = 4 SYM§ The 
energy E of type IIB string states on AdSs x S* 5 is identified with the energy E of the 
dual N = 4 SYM states on 1 x S 3 , or equivalently, with the scaling dimension of the dual 
operators of M = 4 SYM on R 4 . Similarly the angular momenta Ji,2,3 on S 5 for string states 
are identified with the three R-charges Ji,2,3 for states/operators of M = 4 SYM. Moreover 
the angular momenta Si t 2 for strings on AdSs are identified with the Cartan generators for 
the 50(4) symmetry of the S s for the dual M = 4 SYM states on R x £ 3 , or equivalently, the 
50(4) symmetry of the R 4 for the dual operators of M = 4 SYM on R 4 . 

The string theory that we are interested in is type IIB string theory on AdSs x 5 5 . The 
metric for this background is given by 

ds 2 = R 2 - cosh 2 pdt 2 + dp 2 + sinh 2 pdn' 3 2 + dO 2 + sin 2 Oda 2 + cos 2 9dnj , (2.2) 

with the five-form Ramond-Ramond field strength 

F (5 ) = 2R A (coshp sinh 3 pdtdpdtf 3 + sin (9 cos 3 0d6dadn 3 ) . (2.3) 

We parameterize the two three-spheres as 

dSll = dip 2 + sin 2 ^# 2 + cos 2 ipdx 2 , (2.4) 
dftf = d(3 2 + sin 2 pdj 2 + cos 2 f3d£ 2 . (2.5) 

The three angular momenta on the five sphere S" 5 are defined as 

J l = -id x , J 2 = -id^ , J 3 = -id a , (2.6) 



5 The 4-7T 2 factor is included in the 't Hooft coupling for our convenience. 
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and the two angular momenta on the S 3 inside AdS5 are defined as 

S 1 = -idy , S 2 = -id£ . (2.7) 

We moreover define the quantity J = J\ + rji J2 + J72J3 + 773S1 + ^462 > where r/i, 772, 
774 are some parameters that characterize the background. We will show that they play an 
important role in Section 0] where we compare the results we obtain on the string theory side 
with previous computations done in the dual gauge theory. 

2.1 The "no flat direction" Penrose limit 

In order to derive the new Penrose limit, we first review the Penrose limit giving rise to the 
BMN pp-wave background. We introduce new coordinates (fo, ...,934 defined by 

X = ifo, <\> = VWo + <Pi, « = V2<Po + <P2, 7 = %<A) + ^3 , £ = Wo + ^4 , (2.8) 
and we define the light-cone coordinates as 

z- = ^R 2 (t- Vo ), z + = ±-(t + p ). (2.9) 
By defining n, r 4 such that 

ri = Rip , r2 = R9 , r3 = i?psin/3, = Rp cos p. (2-10) 
we can parametrize the eight coordinates in the following way 

z 1 + iz 2 = ne^ 1 , z 3 + iz 4 = r 2 e^ 2 , 

z 5 + i z e = r 3 e^ 3 , + iz 8 = r 4 e^ 4 . (2.11) 

Writing the background (|2.2p - (|2.3p in terms of the coordinate z^ and z l and taking the 
Penrose limit by sending R — > 00 while keeping and fixed, we obtain the following metric 

4 _ _ 

ds 2 = -4dz + dz- +dz i dz i - f i 2 Y,{l-vl) (z 2k - 1 ) 2 + (z 2k ) 2 {dz + f 

4 fe=1 " (2-12) 

+ 2^ m [z 2k - l dz 2k - z 2k dz 2k ~ x ~\ dz + . 
k=l 

and five-form field strength 

F (5) = 2pdz + {dz 1 dz 2 dz i dz i + dz 5 dz 6 dz 7 dz 8 ) . (2.13) 

We see that by setting the parameters %'s all to zero, we precisely recover the pp-wave 
background derived in [151 0]. In this sense, the background (|2.12p - (|2.13p is a generalization of 
it. Type IIB string theory can be quantized on this background and the light-cone Hamiltonian 
that one obtains is 

H Ut ~E-J 1 , p +~E±Jl. (2.14) 
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From the condition that H\ c and p + should stay finite in the limit, we get that J\ = —id vo 
must be large. On the other hand since (pi, (p^ are all fixed in the limit R —* oo, we deduce 
from ([213]), dHZD and <^M) that J 2 , J 3 , Si and S 2 are also fixed. 

We see from the above that the "no flat direction" Penrose limit corresponds to the 
following regime of type IIB string theory on AdSs x S 5 

E + J\ J\ 

R — » 00 with E — J\ fixed, — — ^ — fixed, —75- fixed, <? s , i s fixed (2-15) 

it^ it 2 

Translating this into M = 4 SYM language, it corresponds to the regime 

E -\- J\ J 

N — > 00 with E — Ji fixed, — =— fixed, , fixed, Qvm fixed (2.16) 



2.2 The "one flat direction" Penrose limit 

Now we repeat an analogous procedure and show that, by a different choice of light-cone 
coordinates, we obtain a generalization of the pp-wave background derived in [9]. We define 
the coordinates cpo, <p^ in the following way 

X = ^0 - <Pi > = <A) + ¥>i , a = Wo + ^2 , 7 = Wo + ^3 , £ = Wo + ^4 , (2.17) 



with the light-cone variables still given by eq.n (|2,9 
We moreover define z 1 and z 2 as 



z 1 = Rpx , z 2 = R (| - , (2.18) 
while z 3 , ...,2: 8 are defined as before (see Eq. (|2.1ip ) and 

r 2 = RO , r3 = i?/? sin /? , r^ = Rp cos P, (2.19) 

z 3 + iz A = r 2 e i(p2 , z 5 + iz e = r 3 e ilp3 , z 7 + ^ 8 = r 4 e^ 4 . (2.20) 

The Penrose limit is then the limit R — > 00 keeping z^,z l fixed. Plugging the coordinates 
z^, z % into the background (|2.2j) - (|2.3p and taking the limit described above the metric becomes 

4 _ _ 

ds 2 = - 4dz + dz~ + dz*dj - fi 2 I 1 " Vk) (^- 1 ) 2 + (^ 2fc ) 2 {dz + f 

k=2 ~ ~ (2.21) 

4 v ' 

+ 2fi^2 m \z 2k - l dz 2k - z 2k dz 2k ~ l j dz + - 4nz 2 dz+dz l . 

k=2 

with the five- form given by (|2.13|) . 

From (|2.2ip we see that z 1 is an explicit isometry of the above pp-wave background and 
therefore we call this background one flat direction pp-wave background. 

As before we have that (p2,y>3, (^4 are fixed in the Penrose limit which, using (|2.17p . means 
that J3, Si and S2 are fixed. But now the condition that H\ c , p + and p 1 have to remain finite 
in the limit tells us that the quantities 

E — J1 — J2, ^ ~> 2 ' 1 r 2 ' 9s, l s (2.22) 
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are all fixed when R — ► oo. This is the regime corresponding to the "one flat direction" 
Penrose limit of type IIB string theory on AdSs x S 5 , as found in [9]. Translating this into 
J\f = 4 SYM language, it corresponds to the regime where [9] 

E + J i + J 2 J l + J 2 Jl~ J 2 



E — J\ — J2, 



N 



ATl/4 



2 

9ym 



(2.23) 



are fixed for A?" 



00. 



2.3 The "two flat directions" Penrose limit 

We finally consider the Penrose limit that leads to a new pp-wave background with two flat 
directions. The variables ipo, ipi, (f2, (f3, ^4 are now defined as 



X = (f - V2(pi -<p 2 , 4> = + - Lf2 , a = ip + ip2, 

7 = Wo + <P3 , £ = Wo + <At , 

whereas the light-cone coordinate are as usual given by (|2.9I) . 
The coordinates z, z 2 , z 3 and z 4 are defined as 

while z 5 , z 6 , z 7 , z 8 are again given by Eq. (12,lip . More explicitly we have 

r3 = i?/) sin (3 , r4 = cos /? , 



(2.24) 



(2.25) 



(2.26) 



z 5 + i z 6 = r 3 e^ 3 



'V4 



(2.27) 



Substituting the new coordinates in the background (|2.2p - (|2.3p and taking the Penrose limit 
we get the following pp-wave metric 



ds 2 



-Adz + dz- + dz i dz i - n 2 ^ (1 - Vk) (z 2k ~ l Y + 



fc=3,4 

2k - l dz 2k - z 2k dz 2k - 1 



J2k 



(dz+y 



dz + - 4fi (z 2 dz 1 + z A dz 3 ) dz^ 



(2.28) 



fc=3,4 



and the five- form is defined in (|2.13p . This is a new pp-wave background and it has two explicit 
isometries, z 1 and z 3 We will therefore refer to it as two flat directions pp-wave background. 

In this case ^3,^4 are fixed, thus, keeping in mind (12, 3p . we have that also the angular 
momenta Si and S2 are fixed. In a similar fashion as before if we compute H\ c , p + , p 1 and p 3 
and request that they should stay finite in the Penrose limit we get that the quantities 

E + J 1 + J 2 + J 3 J1 + J2 + J3 Ji- J 2 J3-J1- J 2 



E — J\ — J2 — J3, 



R 2 



R 2 



R 



R 



9si Is 
(2.29) 
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are fixed as R goes to infinity. This is the regime corresponding to the "two flat directions" 
Penrose limit of type IIB string theory on AdSs x S 5 . Translating this into J\f = 4 SYM it 
corresponds to the regime where 

„ T T T E + Ji + J 2 + J 3 J l + J 2 + h J I - J 2 J3-Jl-J2 2 

E-Ji-Jz-Ja, — , — , - 1 ^ ir , m/A , g YM 



(2.30) 

are fixed for N — > 00. Here J\ — J2 and J3 — J\ — J2 correspond to the two momenta for the 
two space-like isometries of the two flat directions pp-wave background (|2.28|) . 

Type IIB string theory on the pp-wave backgrounds (|2.12|) . (I2.21D (12.280 (with five- form 
field strength given by (|2.13j) ) can be easily quantized. The spectra in all these three cases 
are worked out in the next section. 



3 String theory spectrum on a rotated pp-wave background 

In this section we obtain a pp-wave metric, which depends on parameters introduced through 
a coordinate transformation on the maximally supersymmetric background of [5]. For this 
reason, in practice, this metric describes an infinite set of pp-wave backgrounds (one for each 
point of the parameter space). We refer to them as to rotated pp-wave backgrounds. 

Note that the backgrounds obtained in this way do not necessarily have any specific 
meaning in an AdS/CFT context. They will only have a meaning in the AdS/CFT context 
if we derive them from a Penrose limit of AdSs x S* 5 . Despite this, the procedure that we 
are going to show results to be very useful because allows to obtain a general formula that 
contains all the physically interesting pp-wave backgrounds. In fact we will show that by 
appropriately choosing the values of the parameters of the background, this general formula 
describes exactly the backgrounds studied in the previous section which are indeed obtained 
by taking Penrose limits of the AdSs x S 5 background. 

We can then proceed in finding the spectra on these generic rotated backgrounds. An 
important result is that, by taking an appropriate limit on these spectra, we will show that 
one can reproduce the spectra found in [32J for the nine decoupled sectors of J\f = 4 SYM 
which contain scalars. 

3.1 Coordinate transformation 

We start from the simplest pp-wave background metric without flat directions 

ds 2 = -4dx + dx~ - /i 2 xV (dx + ) 2 + dx i dx i , (3.1) 
where i = 1, 2, . . . , 8 and five- form field strength 

F (5 ) = 2fidx + (dx 1 dx 2 dx z dx i + dx 5 dx 6 dx 7 dx 8 ) . (3.2) 
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We consider the following coordinate transformation 

/' 



+ £ (dzV + C 2 zV + C 3 z 5 z 6 + C,z 7 z s ) , 



fx 2 *- 1 ) 




[ x 2k ) 


H 



2k- 1 



(3.3) 



■2k 



cos(r) k nz + ) - sm(n k fiz^ ) \ \ : 
sm(r)klJ-z + ) cos(??fc/U2; + 

where C k and r] k , k = 1,2,3,4, are parameters. 

Note that the transformations for the transverse coordinates are rotations whose angles 
depend on the rj k parameters, hence the name "rotated pp-wave background'. 

The metric ()3. 1 j) then becomes 

4 



ds 2 



Adz + dz~ + dz i dz i - n 2 (! - Vk) 



k=l 
„2fc-l j„2fc 



z 2k-l)\( z 2^ 2 



(dz 



(3.4) 



2k j„2fc-l 



k=l 



dz + , 



while the five- form field strength (|3.2|) is invariant under the coordinate transformation f|3.3|) . 
It is straightforward to check that the metric (|3.4p contains all the backgrounds obtained in 
Section [2l In fact, for various values of the C k and rjk parameters, we have the following 
possibilities 

C\ = C% = C3 = C4 = =^ no flat direction; 

C\ = rji = 1 and C2 = C3 = C4 = =>■ one flat direction; 

Ci = f]\ = C% = rj2 = 1 and C3 = C4 = => two flat directions. 

String theory can be quantized on the general background (|3.4h and we now proceed in 
finding the superstring spectrum. 



3.2 Bosonic sector 

We work in the light-cone gauge z + = p + r with l s = 1. The light-cone Lagrangian density of 
the bosonic <7-model is given by 

4 



lc ' 4rrp+ 



'-(d^d^ + f^il-n 2 ) (z 2 ^)\ 



k=l 
J2k-\-2k 



:2k 



+ 2/ ^ [(Ck ~ rfc)* 2 *" 1 * 2 * + (C k + Vk )z 2k z 

k=l 



2k-2k-l 



where we have defined / = The conjugate momenta are computed to be 



n 



z 2k~l 



2k-l 



f (C k + rjk) z 



2k 



2tt 



n 



2 k 



z 2k -f(C k - rj k ) z 



2k-l 



and the bosonic light-cone Hamiltonian is given by 



H, 



1 



47rp^ 



2tt 



da 



)'(z i y+f 2 Y,( 1 -^) 



k=l 



2tt 



z 2k-l) 2 + ( z 2k- 2 



(3.5) 



(3.6) 



(3.7) 
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In order to solve the equations of motion 

fl-ft,**- 1 + 2/ % i 2fc - f (i - r,l) z 2 ^ 1 = o , 

d a d a z 2k -2f Vk z 2k ^-f(l-r ] i)z 2k =0, 
it is useful to introduce four complex fields 

X k = z 2k ~ 1 + iz 2k , 
in terms of which the above equations read 

d a d a X k - 2if Vk X k - f (1 - 4) X k = , 

d a d a x k + 2i/%l fe - / 2 (i - ^) x k = o . 

One can see that a solution of the form 

X k = e - i fVkT'Y k 
solves (]3,10ap if Y k satisfy the equation 

d a d a Y k - f 2 Y k = . 
Therefore for Y k and its conjugate Y k we have the following mode expansions 

+oo 



Y k = i 



n=— oo 



n=— oo 

The bosonic Hamiltonian now reads 



E 1 ( tM p -i{u n T-na) 



Hi 



1 



4vrp+ J 



da ^ [X k X k + {X k )'(X k )' + / 2 (1 - r/^) X fe X fc J . (3.14) 



k=l 



(3.8a) 
(3.8b) 

(3.9) 

(3.10a) 
(3.10b) 

(3.11) 

(3.12) 

(3.13a) 
(3.13b) 



Then we quantize the theory imposing the canonical equal time commutation relations 



a k a k 

71 1 7f) 



0. 



a ni ( a m) ~~ ^n> i^m) 



jrkk' jr 
nm 



(3.15) 



We obtain the following bosonic spectrum in this background 

-oo 2 



^c=4 E E [K + Vkf) M<*> + (w„ - rj k f) M { V 

n=—oo k=l 

+ K + »?( fc+ 2)/) ^ fc) + K - »?( fc+ 2)/) ^1 , 



(3.16) 



where u n = \/n 2 + f 2 for all n £ Z and the number operators are defined as 

M (fc) _ -fct_fc iCr(k) _ ^fcf-fc «r(fc) _ (fc+2)f (fc+2) Ar(fe) _ ~(fc+2)f ~(fc+2) 

for fc = 1, 2. 



(3.17) 
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3.3 Fermionic sector 

We now work out the fermionic part of the spectrum. The light-cone gauge and /{-symmetry 
gauge fixing condition are 

z + = p+T, T + 9 A = (3.18) 

where 6 A , with A = 1, 2, is a Majorana-Weyl spinor with 32 components. The Green-Schwarz 
fermionic light-cone action is then given by [8] 



S. 



lc 



47Tp+ 

with covariant derivative 



drda 



tj^Sab ~ e a/3 (a 3 ) AB ) d a z + 9 A T + (V p 9) 



V a = d a + - A d a z + (u+pvTP* - ^F Xupafi T x ^ K ia 2 r^j 



(3.19) 



(3.20) 



where a^s are the Pauli matrices and uj a ,b,c are the spin connections. The non- vanishing 
components of the five-form field strength are -F+1234 = -F+5678 = 2/i. 
We can write the action as 



2irp 

+ (s 2 ) T 



J drdaly (S 1 ) 



T 



k=l 



s 1 



a J ST^- 2k-l 



2k 



k=l 



(3.21) 



S 2 - 2/ (S 1 ) 7 ILS 2 



where S , A = 1, 2, is a eight component real spinor and we introduced the matrix II = 7 1234 , 
where 7« are 8x8 Dirac matrices [j. Moreover, d± = d T ± d a . The equations of motion are 



fc=i 
4 



a. 



J2vkl 2k ' 1 ' 2k \S 2 + fUS 1 = 0. 



(3.22a) 
(3.22b) 



k=l 



It is useful to observe that a field of the form 



s~- 



£ 

k=l 



Vkl 



2fc-l,2fc 



T 



(3.23) 



satisfies the above equations if the fields Y* A obey the equations of motion of the fermionic 
fields in the usual pp-wave background (7J E] : 



3+t, 1 - /ns 2 = , a_E 2 + /ns 1 = 0, 



(3.24) 



6 See Appendix [X] for our conventions on the spinors and the representation of the Dirac matrices. 
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whose solutions are 



(3.25a) 



S 1 = Co e-'^So - E ***** (Sne™ + ^j^S^e^A + h.c. , 

n>0 \ / / 

T? = -c e- ifT iUS - 01 E c n e~ iWnT (s- n e- ina - ^ ~ U S n e in<7 \ + h.c. , (3.25b) 

n>0 ^ I J 

where, for all values of n, uj n = \Jn 2 + f 2 , while c n = ^[1 + {'^y^-) 2 ]- 1 / 2 . 
The fermionic conjugate momenta can be computed from the action (|3.2ip 



A = — S A , (3.26) 
2tt 



and the fermionic part of the Hamiltonian can be written in the form 



Hf c = ^ da ((SY Si + (S*f S 2 ) (3.27) 



o 



where we used the equations of motion (|3.22p . Now we quantize the theory imposing the 
canonical equal time anticommutation relations 



S a n As b m ) ] \=5 ab 5 nm (3.28) 



and the fermionic Hamiltonian reads 



K = \ E S n U + Vkl 2 *- 1 ' 2 *) Sn • (3.29) 

P n=-oo \ k=l J 

The matrices ij 2k ~ 1 ' 2k are commuting matrices and have eigenvalues ±1, each with multi- 
plicity four. Since they commute we can find a set of common eigenvectors. Choosing this set 
as basis we can write the fermionic spectrum as 



+oo 8 , , v 

^ = -T E E K + )Fi b \ (3.30) 

^ n=-oo b=l ^ ' 



where F^ 1 are the fermionic number operators defined by the relation 



FW = ffl*Vfl* (3.31) 



and where we have defined the coefficients d^ as the following combinations of the % param- 
eters 

di = -rji -i]2 + m + m, d 5 = -r/i + 7/2 + 173 - 7/4 , 

^2 = ~ V2 - VB - V4 , d 6 = 7/i - 7/2 + r/3 - ??4 , 

^3 = ??1 + % + m + 7/4 , d 7 = 7/i - 7/2 - 7/3 + 7/ 4 , 

d4 = m + m-m-V4, d 8 = + t/ 2 - % + r/ 4 . 
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At this point we can write the total light-cone Hamiltonian, Hi c , of type IIB string theory 
on the rotated pp-wave backgrounds 



-. +00 r 2 

F n=-oo \k=\ 

E [("» + »7(fc+2)/) + ("n " ^+2)/) + E + F ' 

fc=l 6=1 ^ ' 



(3.33) 



+ 



and the level matching condition is 



E 



.fc=i 



6=1 



0. 



(3.34) 



Note that the spectrum does not depend on the Ck parameters since they just represent 
a gauge choice, but only on the rjk parameters. 



4 The decoupled sectors 



In this section we show that by taking a certain limit of the spectra (|3.33|) . we can reproduce 
the spectrum of anomalous dimensions of gauge theory operators in the dual sectors of M = 4 
SYM theory found in [32]. The procedure follows that of TT\ where the spectrum in the 
SU (2) sector is matched. Here we generalize this to all sectors that include scalar fields on 
the gauge theory side. 

According to the AdS/CFT correspondence, the string light-cone Hamiltonian H\ c should 
be dual to D — J on the gauge theory side, 

^h^ D -j, (4.1) 

V- 

where D is the dilatation operator and J is the total charge defined by J = niS\ + 112S2 + 
71-3 J\ + 724 J2 + n-5 J3 with the rii characterizing the decoupling limit giving a particular sector of 
J\f = 4 SYM [32J. As explained in more detail below, the decoupling limit on the gauge theory 
consists of taking the limit D — J — > and A — > keeping (D — J) /A fixed. On the string 
theory side, this decoupling limit corresponds to the limit [/, — ► 00, or equivalently / — ► 00. 
We now apply this limit to the string spectra (|3.33[) . Remembering the definition of u n , its 
expansion for / — ► 00 takes the form 

,2 



(jJ Tl 



n 



n- 



f + ^j + o(r 2 ) 



(4.2) 



In order for the spectra to be finite, the divergent term contained in the expansion of u n 
should cancel. 



In the bosonic part of the Hamiltonian (13.331) we deal with terms of the kind 

,2 



K-%/)M( fe ) 



n 



f(l + Vk) + ^j+0(f- 2 ) 



/(I 



n 



Vk) + Y f +o{r 2 ) 



M (fc) 

±y± n 



(4.3a) 
(4.3b) 
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(k) ~ (k) 

and the analogous ones for Nn and Nn . Instead in the fermionic part of the Hamiltonian 
(j3.33p we have 



CO, 



dj,\ n 2 2\ 



FW . (4.4) 



The only terms that survive the limit / — > oo are those for which the coefficient of the linear 
part in / vanishes. All the other terms are divergent and thus decouple in the large / limit. 
The bosonic number operators will survive only if the corresponding rj^ results to be ±1 and 
the fermionic number operators only if the corresponding db results to be —2. 

In the following we want to show that by appropriately fixing the values of the parameters 
rjk, the string theory spectra that survive the limit fi — ► oo precisely reproduce the spectra of 
the dual gauge theory sectors. As an important consequence of the matching of the spectra, 
it follows that also the Hagedorn temperature of the gauge theory matches the one of string 
theory in these sectors. This can also be used to verify the conjectured relation between the 
Hagedorn/deconfinement temperature of planar J\f = 4 SYM on R x S 3 and the Hagedorn 
temperature of string theory on AdSs x S 5 . Moreover, these results show that the decoupling 
limits [291 dD [301 EB [32] of thermal SU(N) N = 4 SYM on R x S 3 provide a very useful and 
powerful tool to match gauge theory and string theory. 

On the gauge theory side the idea [291 El E01 EH [32J [33] is to consider decoupling limits 
of weakly coupled J\f = 4 SYM on R x S 3 with gauge group SU(N). The decoupling limit is 
defined by 

EH J 

A -» , Ji,N fixed , Hg. t . = — — fixed (4.5) 

A 

where A = g\ M N j^ix 1 is the 't Hooft coupling of H = 4 SYM theory, E is the energy of a 
state measured in units of the three sphere radius and J = n\S\ + TI2S2 + n^Ji +^4 J2 + "-5 ^3 is 
the total charge with rii, i = 1, . . . , 5 being fixed numbers. Si and S2 denote the two charges 
of the SO (A) group of S 3 and Ji, J2 and J3 are the three R-charges. Here we only consider the 
gauge theory in the planar limit N = 00. In terms of operators we have that the Hamiltonian 
is given by -ffg.t. = (D — J) / X. D is the dilatation operator of = 4 SYM which, at weak 't 
Hooft coupling, can be expanded as 

D = D + XD 2 + aIl> 3 + A 2 L> 4 + ... (4.6) 

where -Do is the bare scaling dimension, D2 is the onedoop part of the dilatation operator 
and so on. One can see that in the limit (14. 5j) . the operators with D$ > J decouple and only 
the ones with Dq = J survive the limit. One thus gets the effective Hamiltonian H g x. = D2, 
namely only the onedoop part of the dilatation operator survive the limit (|4.5p [29\ \TT\ [30"1 

EH 133 Egg ■ 

Among the possible decoupling limits of N = 4 SYM theory found in [32], here we are 
interested only in the decoupled sectors that contain scalars. The presence of the scalars is 
in fact crucial in order to analyze the regime of the gauge theory which is related to the dual 
string theory. These sectors are the SJ7(2), 5Z7(1|1), SU (1\2), SU(2\3), bosonic 517(1,1), 
517(1, 1|1), 517(1, 1|2), 517(1, 2|2) and 517(1, 2|3) sectors. For more details see Ref. 
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Sector 


(n 1 ,n2,n 3 ,n4,n 5 ) 


SU(2) 


(0,0,1,1,0) 


sua, Dh 


(1,0,1,0,0) 


SU{l\l) 


(1,0,1,1,1) 

\ 3 ' ' 3' 3/ 


S77(l|2) 


(i 0,1,1 i) 


SU(2\3) 


(0,0,1,1,1) 


S77(l,l|l) 


(1,0, 1, i i) 


SU(1,1\2) 


(1,0,1,1,0) 


SU(1,2\2) 


(1,1,1,0,0) 


S77(l,2|3) 


(1,1,1,1,1) 



Table 1: The table shows the nine decoupled sectors that contain at least one scalar: in the left 
column are listed the sectors that survive the decoupling limit for the corresponding choice of 
n = (m, ri2, n.3, 714, n^) reported in the right column. SU(1, l)b is the bosonic SU(1, 1) sector. 



SU(-) 


(2) 


(1,1)6 


(111) 


(1|2) 


(2|3) 


(1,1|1) 


(1,1|2) 


(1,2|2) 


(1,2|3) 


a 


1 








1 


2 





1 





2 


b 





1 











1 


1 


2 


2 


c 








1 


1 


2 


1 


2 


2 


4 



Table 2: The table shows how many number operators we have of each type (a for scalars 
M n , b for derivatives N n , and c for fermions F n ) in each of the nine theories that contain at 
least one scalar. SU(1, l)b is the bosonic SU(1, 1) sector. 



The spectra for these nine different sectors all take the form [32J 

= 5?2> 2 (E ^ + E ^ + E (4.7) 

nez y«=i i=i «=i y 

The cyclicity (zero momentum) constraint is 

p =E n (l>^+E^ + X>.n =0 - ( 4 - 8 ) 

neZ yi=l i=l a=l y 

Note that F^ a) £ {0,1} while M%\n^ £ {0,1,2,...}. The numbers a, b and c are given in 
Tab.d 

We want to show that there is a direct relation between the critical values of the numbers 
(m, ...,^5) that characterize the various sectors on the gauge theory side and the parameters 
771, ...,774, that give the corresponding decoupled sectors on the string theory side. 

From table [H we see that all the nine sectors containing scalars have = 1. It is not 
hard to see that a suitable choice of % parameters to match the string theory spectrum with 
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the spectrum of the gauge theory side is the following 



f]i = n 4 , m = n 5 , rj 3 = -n x , m = n 2 ■ (4.9) 

Using the previous relations in the spectrum (|3.33p and taking the limit /-»oowe see that 
the string theory spectrum precisely matches the spectrum of the nine decoupled sectors of 
the gauge theory side. 

As an example we can consider the SU(1, 1|1) sector: in this case n = (l,0, 1, 5, 5) (see 
Table [[]) so using the relations (14. 9p we have that 77 = (5, 5, — 1, 0) . Since the only r]k equal 
to -1 is 773 and the only db equal to -2 is d\ we have that only one bosonic and one fermionic 
number operator survive the limit / — > 00. The string theory spectrum thus becomes 

which, using the dictionary between gauge theory and string theory, can be written as 

^ = ai? 2 = ^e- 2 K ) +^ 1) )' < 4 - n ) 

where we used that / = J/(2Tvy/\). It is easy to check that (14. lip is in accordance with the 
corresponding result in the gauge theory side which can be deduced from (|4.7p . 

We can repeat an analogous check for all the other decoupled sectors and we can show 
that the field content of the surviving spectrum is exactly the same as the one obtained on 
the gauge theory side. 

Using again Table we can thus write the reduced spectrum for all the nine sectors on 
the string theory side at once. It is given by 

V = 5=7 E » 2 (t "S> + E «£> + E c«3) 

^ PF J neZ \i=l j=l a=l J 

which indeed coincides with Eq. (|4,7p once we use the dictionary between gauge theory and 
string theory. 

5 New Penrose limit of AdS 4 x CP 3 

In the above we have found a new Penrose limit of AdSs x S 5 with two explicit space-like 
isometries in addition to the existing Penrose limits with zero and one space-like isometries 
[U [U [9] . A natural question is whether one can similarly find new Penrose limits of the AdS 4 x 
CP 3 background of type IIA supergravity. The known Penrose limits for this background are 
with either zero explicit space- like isometries |24l 125] or with two space-like isometries [26, 28J. 
In particular the one with two space-like isometries of [261 |2"B] is connected to studying the 
SU{2) x SU(2) sector of string theory on AdS 4 x CP 3 . 
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We find in this section a new Penrose limit of the A0IS4 x CP 3 background of type IIA 
supergravity with one explicit space-like isometry, i.e. with one flat direction. We find fur- 
thermore the spectrum of type IIA string theory on this background by finding the spectrum 
for a general rotated pp-wave background that for certain choices of parameters corresponds 
to both the new pp-wave background with one explicit space-like isometry, as well as the two 
known backgrounds with zero and two explicit space-like isometries. 

5.1 The "one flat direction" Penrose limit 

In this section we present a new Penrose limit of AdS4 x CP 3 , here called the "one flat 
direction" Penrose limit. The AdS4 x CP 3 metric is given by 

2 _ r>2 / 1 . 2 



where 



ds 2 AdSi = — cosh 2 p dt 2 + dp 2 + sinh 2 p dQ 2 , (5-2) 



and 



(5.3) 



2 2 22/ cos "1 cos "2 
ds cp3 = d6 + 4 cos 9 sin 6 I do H — (kp\ — d(p^ 

+ - cos 2 6 (d9l + sin 2 Oidvl) + - sin 2 Q(dO\ + sin 2 2 dy%) . 

We introduce the new variables %, £ and ip by 

2<5 = X + y, <p 2 =Z + b X , 20 = ^ + |, (5.4) 

where 6 is a parameter. The coordinate transformation that defines the Penrose limit is 

+ t + X o2*~X 2r , 2u 4 

£ = , x = H , p = — , ip = — — , 

2 8 R R /. 

2^2*1 2>/2yi , vr 2^/2z 1 ' j 

^ R ' 1 i? 2 P 

Taking the limit R — > 00 while keeping ar^, r, U4, xi, yi, z finite, the metric becomes 

4 2 
ds 2 = - Adx + dx~ + ( (in, 2 - u 2 dx + ) + (cte 2 + dy 2 ) 

S V ' S (5-6) 

+ 6(1 + b) {x\ + yf) dx +2 - 2yidxidx + + (1 + 26) [x 2 <iy2 - yidx^] dx + , 

where X2 + M/2 = -2 e • ■ The metric (|5.6p describes exactly a a pp-wave background with a flat 
direction, namely xi. 
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5.2 Rotated backgrounds and the string spectrum 

Let us start from the pp-wave metric found in 



ds = —Adxdx 
We consider the following coordinate transformation 



/ 4 8 \ 8 

\i=l i=5 / j=l 



(5.7) 



x = x 



X = X 



+ 



a=l 



X^ ^ , 2 1 



(5i 



!'**)) 



/ x 3 . 


r 2a 1 






-2a J 





-sin(?? a x + ) 1 


I 




cos(r/ a x+) J 







= 1,2, 



where Ci,C2 and 771 , 772 are parameters. Under this tranformation the metric becomes 



ds 2 



- 4dx + dx + ^2 (du 2 - ufdx +2 j + ^ 

i=l a=l 

+ 2(r] a - 2C a ) x a dy a dx + - 2 (r/ a + 2C a ) y a dx a dx 



<i%l + dy 2 a + [ vl ~ ^) (x 2 a + yl) dx + " 



(5.9) 



It is easy to see that if one chooses the C a and r\ a parameters so the terms dx +2 and dx a dx + 
in the metric (15.91) vanish, i.e. 



r, --- C-i 

'/a — 2 ' a _ 4 ' 



(5.10) 



then one gets the background with two flat directions found in 

4 2 
ds 2 = -4dx + dx~ + ^ (du 2 - u 2 dx +2 j + ^ [<ix 2 + dy 2 - 2y a dx a dx + ] (5.11) 



a=l 



Eq. (|5.9p also contains the pp-wave background with one flat direction (|5,6p that we just 
obtained through a Penrose limit of the AdS4 x CP 3 geometry for the following choice of 
parameters 



vi = -\, m = b+ 1 ~, 



Ci = \, c 2 = o. 

Spectrum 

Now we derive the string spectrum on the rotated pp-wave background (15. 91) . 



(5.12) 
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In the light-cone gauge x + = ct the bosonic Lagrangian density is 

4 2 



^ = -^{EK- < 2 - ^ +E[^+ *2 

^ i=l a=l 



/2 _ /2 



+ c ( % - T (^a + Va) + 2c (»7a - 2C a ) x a y a - 2c (r? a + 2C a ) y a x a 



(5.13) 



where c is fixed by requiring that the conjugate momentum to x is constant. The bosonic 
light-cone Hamiltonian is then given by 

4 



2 



a=l 



• 2 , • 2 , /2 /2 2 

+ 2/a + x a + y a +c 



Va I (xl + y„) 



The mode expansion for the bosonic fields can be written as 



i 



(5.14) 



(5.15) 



* a (r,<7)= e-^^ 



a a e -i(w„T-rao-) _ ^-a-jf g i(a; n T-nCT) 



(5.16) 



where £l n = \J (? + n 2 , u n = \J \ + n 2 and we defined 2 (7") o") = x a {r, a) + iy a (T, a). The 
canonical commutation relations [x a (r,a),p Xi (T,a')] = iS a b5(a — a'), [y a (T,a),p yb (r,a')] = 
i5 a bS(cr — a') and [ui(r,a),pj(T,a')] = i5ij5(a — a') follows from 



[ a m' i a n) ] — fimnfiab j \^rni (fln) 1 — $mn$ab i [%! ] — ^mn^ij 

Employing (|5.17p we obtain the bosonic spectrum 



(5.17) 



i=l nS 



a=l n&L 



(5.18) 

with the number operators iV£ = (ci 1 ^ a l n , M% = (a")^ and N% = (a a )nd^. 

Now we compute the fermionic part of the spectrum. We start from the type IIA super- 
string Lagrangian density on the background (|5.9p 



jsf * = — £r H 

2 



5 T - r n a ff + - (-2r7ir 56 - 2r ?2 r 78 + r n r 4 - 3r 123 ) 



(5.19) 



where 6 is a 32 component real spinor and we used the zehnbeins 



2 ' 



V i=l / a =l ^ ' 



2 , e Xa = (rj a + 2C a ) y a , e ya = - (rj a - 2C a ) x a 



(5.20) 



e° =1 



e D =1 

c 2/1 x 



e'* 2 = l 



e° =1 

C 1/2 
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where i = 1, 2, 3, 4, and the relevant components of the spin connection 

w + 56 = —77i , cj + 78 = -772 . 
Let us decompose 6 = 6 + + #_ by writing 

r5678#± = ±0± , 

In terms of 9± the light-cone gauge conditions are [28] 

r_#_ = , r4956# + = o + . 

Using the spinor conventions of Appendix [X] we can write the Lagrangian as 
with Jz? + and Jz?_ given by 

JS?+ = #V - I + + y An/W* + , 

-zT- = «X X - 2 + X X ) ~ y A 2 X756X - CXX , 

where Ai = 772 — r?i and A2 = 771 + % . 

The mode expansions for the 8 component spinors tp and x are 



with the constants and defined by 

± _ a/^ti + 71 ± y'Wn - 71 ± _ y^n + 77 ± y/£l n - 71 

The fermionic Hamiltonian density is therefore 

cftfc = 2 (V^' - PP) + 2 Al ^56P - y # + 2 {XX ~ AA') - y A 2 X7seA + 
where the fermionic momenta are 

p = -i^ , A = -zx • 
The fermionic spectrum can then be computed and reads 



<*£ = E 



E (<■* + f Ai) ^ + E (> - ^ 

6=1,2 6=3,4 



+ E K- ^ A + E K + ^ 4 6) 



6=5,6 6=7,8 
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with the number operators = dn j(x d n ^ a for b = 1, . . . , 4, and = bn, a b n ^ a for b = 5, . . . , 8. 
The level-matching condition, including also the bosonic part, is 

4 2 8 



Y J K + ^ M n +N n) + Y. F n ) 
i=l a =l 6=1 



= (5.33) 



nez 
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A Gamma matrices and spinors 

We briefly review our conventions for the representations of Dirac matrices in ten dimensions 
and for Majorana-Weyl spinors. As usual, we shall use the mostly plus metric. 

Gamma matrices 

Let I n denote the n x n unit matrix, a±, a 2 , 03 the 2x2 Pauli matrices 

-(:;) • • -(;-,)• 

and e the antisymmetric tensor of rank two 

We can define the real 8x8 matrices 71, ...,7s as 



71 = e x e x e , 75 = 0-3 x e x I 2 , 

72 = h x 01 x e , 76 = e x I 2 x a\ , 

73 = h x 0-3 x e , 77 = 6 x/ 2 X(73, 

74 = u\ x e x I 2 , 7s = I 2 x I 2 x I 2 . 



(A.3) 



This should be read as 



[ I 2 xa 3 \ ( a 3 \ 

77 = e x / 2 x a 3 = , / 2 x ct 3 = , (A.4) 

y -J 2 x cr 3 J \ a 3 J 

and so on. It is easy to verify that the matrices 71, ...,78 obey the following relations 

HlJ + lili = ill 3 + 7j T 7i = 2<%is , i, j = 1, 8 
7i ll 737^757^ = h , lll2lj lAlllslj 78 = ~h ■ 



(A.5) 
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Now we introduce the 16 x 16 matrices 71, ...,79 denned as 



7i 
7 f 



79 = 0"3 X -^8 



x (A.6) 

h \ 



x -/ 8 y 

The matrices 71, ...,79 are symmetric and real, and they obey 

= 2 <% 7 i6 , «,i = !,•••, 9 

(A.7) 

79 = 71 72 ■ ■ ■ 78 ■ 

At this point we are ready to define the Dirac matrices in ten dimensions, which are the 
following 32 x 32 matrices: 



T = -e x ha = 



-lie 
he 



(A.9) 



ri = <7iX7= (J , i = l,...,9 (A.8) 
We see that these matrices are real and satisfy the relations 

{r a ,r 6 } = 2^/32, a, b = 0,1,. ..,9, 11 
r n = r°r 1 ---r 9 . 

It is convenient to introduce the light-cone Dirac matrices T±, given by 

r± =r ± r 9 , 

1 1 (A.10) 

The raising and lowering of these indices are done according to a flat space metric with 
V+- = "2- 

We then define 

F ai a 2 ---a n = F[ ai T a2 • • • r 0n ] , (A. 11) 

and analogously the 16 x 16 matrices 

%-i„ =7[ii7i 2 ■■■lin] > ( A - 12 ) 
with i\ = 1, ...,8. Since % is symmetric we have that 

lljkl = %kl, (A. 13) 
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i.e. that %jkl ls a l so symmetric. 

Furthermore we define the 8x8 matrices 

Tii-tam = 7[ii7ia ' ' ' T 2fc ] , 7ui2-i 2fc+ i = TfaTia ' ' ' T 2fe+1 ] • (A.14) 
with = 1, ...,8. In particular we call II the matrix 

II = 71234 = 71 12 737^ , (A.15) 

which has the following proprieties 

n 2 = / 8 , n T = n, n = 7 5678 . (A.ie) 

The last equation follows from (|A.5|) . Finally it is possible to show that II satisfies the relations 
n 7ij = Ty n = -£ijkil kl , nT;y = 7^/11 = -ei'j> k 'i>l k ' V , ( A -!7) 
with i,j = 1, 2, 3, 4 and i',f = 5, 6, 7, 8. 

Spinors for type IIB 

The spinors A are 32-component Majorana-Weyl spinors. The Majorana condition imposes 
that the 32 components of 9 A are real. The Weyl condition is 

T 11 9 A = 9 A , (A.18) 

for both A = 1,2. Note here that we choose the two spinors to have the same chirality since 
we are considering type IIB string theory. Using (|A.9|) we see that the Weyl condition means 
that only the first 16 components of A are non-zero, whereas the last 16 components are 
zero. We write therefore 




(A.19) 



where ip , A = 1,2, are two real 16 component spinors. 

The light-cone gauge T_Q A = results to be equivalent to 

79^ A = 4> A , (A.20) 

which resembles a Weyl condition for the transverse directions. Indeed, using (|A.6p . we see 
that the last 8 components of i/j are zero. Thus, we write 

^(t). (A.2!) 

where S A , A = 1, 2, are two real 8 component spinors. 
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Spinors for type IIA 

For the type IIA GS string we have two Majorana-Weyl spinors 9 1 ' 2 with opposite chirality, 
i.e. Tn^ 1 = 9 1 and T\\9 2 = — 9 2 . We collect these into a 32 component real spinor 9 = 9 1 + 9 2 . 

We can then decompose 9 in terms of eigenstates of 1^678 namely 9 = 9 + + 9_ with 
r5678#± = ±0± so that, keeping into account the representation we chose for Tn, (|A.9p . 9± 
has the following decomposition in terms of 16-component spinors 

The gauge conditions that should be imposed to fix K-symmetry are different on 9 + and on 
9- [28] and read 

r_#_ = o , r 4 956^+ = ^+ (A.23) 

It is thus useful to rotate the 9 + spinor so as to impose also on the rotated spinor the same 
gauge condition we have on Q_. This is done by defining 9 + according to 

9 + = (I - r 456)£+ (A.24) 

Again we have the decomposition in terms of spinors of opposite chirality 



d 2 + 



(A.25) 



The gauge choice on 9 + is thus r_0+ = 0. 

It is then useful to define also a rotated 16-component spinor 

$2 _ ^$2 SQ that both 

and "d 2 ^ have the same eigenvalue +1 of 79. This rotations make the quantization on this type 
IIA background very similar to that of the type IIB. 
We can now define the rescaled 8-component spinors 





In the main text we used then the 8-component complex spinors 

xf, = S\ + iS 2 + , ip* = Si - iS% (A.27) 

Let us now turn to 0_. Again to have the same eigenvalue +1 of 79 for the upper and the 
lower 16-component spinors, we perform a rotation of ?9 2 _ with 74 according to "d 2 _ = 74^?. • 
We can now define as before the rescaled 8-component spinors 

#l^( S :) , (A.28, 





In the main text we then used then the 8-component complex spinors 

x = Si + iS 2 , X * = Si - iS 2 (A.29) 



25 



References 



[1] J. M. Maldacena, "The large N limit of superconformal field theories and supergravity," 
Adv. Theor. Math. Phys. 2 (1998) 231-252, [arXiv : hep-th/971 1200[ 

[2] S. S. Gubser, I. R. Klebanov, and A. M. Polyakov, "Gauge theory correlators from 
non-critical string theory," \Phys. Lett. B428 (1998) 105-1 14[ |arXiv : hep-th/9802109"[ 

[3] E. Witten, "Anti-de Sitter space and holography," Adv. Theor. Math. Phys. 2 (1998) 
253-291, |arXiv:hep-th/9802150[ 

[4] D. Berenstein, J. M. Maldacena, and H. Nastase, "Strings in flat space and pp waves 
from M = 4 super Yang Mills," JEEP 04 (2002) 013, |hep-th/0202021| 

[5] M. Blau, J. Figueroa-O'Farrill, C. Hull, and G. Papadopoulos, "A new maximally 
supersymmetric background of IIB superstring theory," JEEP 01 (2002) 047, 
|hep-th/01 10242[ 

[6] M. Blau, J. M. Figueroa-O'Farrill, C. Hull, and G. Papadopoulos, "Penrose limits and 
maximal supersymmetry," Class. Quant. Grav. 19 (2002) L87-L95, 



arXiv:hep-th/0201081 



[7] R. R. Metsaev, "Type IIB Green-Schwarz superstring in plane wave Ramond- Ramond 
background," \Nucl. Phys. B625 (2002) 70-96[ |arXiv:hep-th/01 12044] 

[8] R. R. Metsaev and A. A. Tseytlin, "Exactly solvable model of superstring in plane wave 
Ramond-Ramond background," \ Phys. Rev. D65 (2002) 126004[ 



arXiv:hep-th/0202109, 



[9] M. Bertolini, J. de Boer, T. Harmark, E. Imeroni, and N. A. Obers, "Gauge theory 



description of compactified pp- waves," JEEP 01 (2003) 016, hep-th/0209201 



[10] J. Michelson, "(twisted) toroidal compactification of pp-waves," Phys. Rev. D66 (2002) 
066002, |hep-th/0203140| 

[11] T. Harmark and M. Orselli, "Matching the Hagedorn temperature in AdS/CFT," Phys. 
Rev. D74 (2006) 126009, |hep-th/0608115[ 

[12] J. A. Minahan and K. Zarembo, "The Bethe-ansatz for N = 4 super Yang-Mills," 
JEEP 03 (2003) 013, |hep-th/0212208| 

[13] N. Beisert, C. Kristjansen, and M. Staudacher, "The dilatation operator of J\f = 4 super 
Yang-Mills theory," Nucl. Phys. B664 (2003) 131-184, |hep-th/0303060[ 

[14] N. Beisert and M. Staudacher, "The N=4 SYM Integrable Super Spin Chain," 



Nucl. Phys. B670 (2003) 439-463, arXiv:hep-th/0307042 



26 



[15] F. Berruto, G. Grignani, G. W. Semenoff, and P. Sodano, "Chiral symmetry breaking 
on the lattice: A study of the strongly coupled lattice Schwinger model," 
\Phys. Rev. D57 (1998) 5070-50831 |arXiv:hep-lat/9710066[ 

[16] F. Berruto, G. Grignani, G. W. Semenoff, and P. Sodano, "On the correspondence 
between the strongly coupled 2-flavor lattice Schwinger model and the Heisenberg 
antiferromagnetic chain," Annals Phys. 275 (1999) 254-296, hep-th/9901142, 



[17] J. Callan, Curtis G. et al, "Quantizing string theory in AdSs x S 5 : Beyond the pp- 
wave," \Nucl. Phys. B673 (2003) 3-40[ |arXiv : hep-th/0307032| 

[18] J. Callan, Curtis C, T. McLoughlin, and I. Swanson, "Holography beyond the Penrose 



limit," Nucl. Phys. B694 (2004) 115-169, [arXiv : hep-th/0404007 



[19] M. Staudacher, "The factorized S-matrix of CFT/AdS," JEEP 05 (2005) 054, 



hep-th/0412188 



[20] N. Beisert, "The su(2|2) dynamic S-matrix," hep-th/0511082 



[21] N. Beisert, B. Eden, and M. Staudacher, "Transcendentality and crossing," J. Stat. 



Mech. 0701 (2007) P021, hep-th/0610251, 



[22] C. Kristjansen, J. Plefka, G. W. Semenoff, and M. Staudacher, "A new double-scaling 
limit of N = 4 super Yang-Mills theory and PP-wave strings," 



Nucl. Phys. B643 (2002) 3-30, arXiv:hep-th/0205033. N. R. Constable et al, 



"PP-wave string interactions from perturbative Yang-Mills theory," JEEP 07 (2002) 
017, |arXiv : he p-th/ 0205089, M. Spradlin and A. Volovich, "Superstring interactions in 
a pp-wave background," \Phys. Rev. D66 (2002) 086004[ |arXiv : hep-th/0204146[ 
G. De Risi, G. Grignani, M. Orselli, and G. W. Semenoff, "DLCQ string spectrum from 



M = 2 SYM theory," JEEP 11 (2004) 053 , |arXiv : hep-th/0409315, G. Grignani 



M. Orselli, B. Ramadanovic, G. W. Semenoff, and D. Young, "Divergence cancellation 
and loop corrections in string field theory on a plane wave background," JEEP 12 
(2005) 017, |arXiv : hep-th/0508126| G. Grignani, M. Orselli, B. Ramadanovic, G. W. 
Semenoff, and D. Young, "AdS/CFT vs. string loops," | JEEP 06 (2006) 040[ 



arXiv:hep-th/0605080, P. Y. Casteill, R. A. Janik, A. Jarosz, and C. Kristjansen, 



"Quasilocality of joining/splitting strings from coherent states," JEEP 12 (2007) 069, 
|arXiv: 0710. 4166 [hep-th] [ C. Kristjansen, M. Orselli, and K. Zoubos, "Non-planar 
ABJM Theory and Integrability," | JEEP 03 (2009) 037[ |arXiv: 0811 . 2150 [hep-th] | 

[23] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, "AA = 6 superconformal 
Chern-Simons-matter theories, M2-branes and their gravity duals," 
|arXiv : 0806 . 1218 [hep-th] 



[24] T. Nishioka and T. Takayanagi, "On Type IIA Penrose Limit and N=6 Chern-Simons 



Theories," arXiv = 0806.3391 [hep-th] 



27 



[25] D. Gaiotto, S. Giombi, and X. Yin, "Spin Chains in N=6 Superconformal 



Chern-Simons-Matter Theory," JEEP 04 (2009) 066, arXiv: 0806. 4589 [hep-th] 



[26] G. Grignani, T. Harmark, and M. Orselli, "The SU(2) x SU(2) sector in the string dual 



of N=6 superconformal Chern-Simons theory," \Nucl. Phy s. B810 (2009) 115-134 
arXiv: 0806 .4959 [hep-th] [ 



[27] D. Astolfi, V. G. M. Puletti, G. Grignani, T. Harmark, and M. Orselli, "Finite-size 
corrections in the SU(2) x SU(2) sector of type IIA string theory on AdS4 x CP 3 ," 
\Nucl. Phys. B810 (2009) 150-173| |arXiv: 0807. 1527 [hep-th] | 

[28] D. Astolfi, V. G. M. Puletti, G. Grignani, T. Harmark, and M. Orselli, "Full 

Lagrangian and Hamiltonian for quantum strings on AdS4 x CP 3 in a near plane wave 



limit," |arXiv: 0912 .2257 [hep-th] 



[29] T. Harmark and M. Orselli, "Quantum mechanical sectors in thermal J\f = 4 super 
Yang-Mills on R x S" 3 ," Nucl. Phys. B757 (2006) 117-145, |hep-th/0605234[ 

[30] T. Harmark, K. R. Kristjansson, and M. Orselli, "Magnetic Heisenberg-chain / pp-wave 



correspondence," JEEP 02 (2007) 085, hep-th/0611242 



[31] T. Harmark, K. R. Kristjansson, and M. Orselli, "The Hagedorn temperature in a 
decoupled sector of AdS/CFT," Fortsch. Phys. 55 (2007) 754-759, |hep-th/0701088] 

[32] T. Harmark, K. R. Kristjansson, and M. Orselli, "Decoupling limits of M = 4 super 
Yang-Mills on R x S 3 ," | JEEP 09 (2007) 115[ |arXiv: 0707. 1621 [hep-th]] 

[33] T. Harmark, K. R. Kristjansson, and M. Orselli, "Matching gauge theory and string 
theory in a decoupling limit of AdS/CFT," |arXiv: 0806. 3370 [hep-th] | 

[34] D. Astolfi, G. Grignani, T. Harmark, and M. Orselli, "Finite-size corrections to the 
rotating string and the winding state," | JEEP 08 (2008) 099[ 
|arXi v : 0804 . 330 1 [hep-th] [ 

[35] E. Witten, "Anti-de Sitter space, thermal phase transition, and confinement in gauge 
theories," Adv. Theor. Math. Phys. 2 (1998) 505-532, [arXiv : hep-th/9803131[ 

[36] B. Sundborg, "The Hagedorn transition, deconfinement and N = 4 SYM theory," Nucl. 



Phys. B573 (2000) 349-363, hep-th/9908001 



[37] A. M. Polyakov, "Gauge fields and space-time," Int. J. Mod. Phys. A17S1 (2002) 



119-136, hep-th/0110196 



O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas, and M. Van Raamsdonk, "The 
Hagedorn / deconfinement phase transition in weakly coupled large N gauge theories," 



Adv. Theor. Math. Phys. 8 (2004) 603-696, arXiv:hep-th/0310285. 



28 



[39] N. Deo, S. Jain, and C.-I. Tan, "String statistical mechanics above Hagedorn energy 
density," Phys. Rev. D40 (1989) 2626. R. C. Brower, J. McGreevy, and C. I. Tan, 
"Stringy model for QCD at finite density and generalized Hagedorn temperature," 



arXiv:hep-ph/9907258. G. Grignani, M. Orselli, and G. W. SemenofF, "Matrix strings 



in aB-field," J 'HEP 07 (2001) 004, arXiv:hep-th/0104112 G. Grignani, M. Orselli, 



and G. W. SemenofF, "The target space dependence of the Hagedorn temperature," 
JEEP 11 (2001) 058, |arXiv : hep-th/0110152 , G. De Risi, G. Grignani, and M. Orselli, 
"Space / time noncommutativity in string theories without background electric field," 
JHEP 12 (2002) 031, |arXiv : hep-th/0211056| 

[40] G. Grignani, J. L. Karczmarek, and G. W. SemenofF, "Hot Giant Loop Holography," 



arXiv: 0904. 3750 [hep-th] 



[41] T. Harmark and N. A. Obers, "Thermodynamics of spinning branes and their dual field 
theories," JHEP 01 (2000) 008, |arXiv:hep-th/9910036| 

[42] G. Grignani, L. Griguolo, N. Mori, and D. Seminara, "Thermodynamics of theories 



with sixteen supercharges in non-trivial vacua," arXiv : 0707 . 0052 [hep-th] 



[43] K. J. Larsen and N. A. Obers, "Phases oF Thermal M = 2 Quiver Gauge Theories," 



JHEP0801 (2008) 057[ |arXiv: 0708. 3199 [hep-th] [ 



[44] A. Hamilton, J. Murugan, and A. Prinsloo, "A note on the universality oF the Hagedorn 



behavior oF pp- wave strings," JHEP 02 (2008) 108, arXiv: 0712. 3059 [hep-th] 



[45] M. Blau, J. M. Figueroa-O' Far rill, and G. Papadopoulos, "Penrose limits, supergravity 



and brane dynamics," Class. Quant. Grav. 19 (2002) 4753, arXiv:hep-th/0202111 



29 



